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Fibrewise T-duality (Fourier-Mukai transform) for D-branes on an elliptic Calabi-Yau 
three-fold X is seen to have an expected adiabatic form for its induced cohomology oper- 
ation only when an appropriately twisted operation resp. twisted charge is defined. Some 
differences with the case of K3 as well as connections with the spectral cover construction 
for bundles on X are pointed out. In the context of mirror symmetry Kontsevich's associa- 
tion of line bundle twists (resp. a certain 'diagonal' operation) with monodromies (esp. the 
conifold monodromy) is made explicit and checked for two example models. Interpreting 
this association as a relation between FM transforms and monodromies, we express the 
fibrewise FM transform through known monodromies. The operation of fibrewise duality 
as well as the notion of a certain index relevant to the computation of the moduli space of 
the bundle is transported to the sLag side. Finally the moduli space for D4-branes and its 
behaviour under the FM transform is considered with an application to the spectral cover. 



1. Introduction and summary 

This paper treats some connections between four different, although related topics: 
D-branes, mirror symmetry, elliptic Calabi-Yau and Fourier-Mukai transform. 

The last year saw an intense study on BPS D-branes in type II string theories on a 



Calabi-Yau manifold (cf. [|,@,§,[|,§,§,0,[|],[§,[|Tg,|Tl), focussing on the behaviour 
of the D-brane spectrum under variation in the Calabi-Yau moduli space (related to the 
phenomenon of marginal stability) as well as on the relations at a special point in moduli 
space (such as the relation with boundary conformal field theory). 

This development has some close connections with a reformulation of mirror symmetry 
given by Kontsevich on the one hand and Strominger/Yau/ZaslowS and Vafa on the other 
which brings supersymmetric D-branes on both sides of the mirror correspondence into 



the play (cf. [^,p,0,0,E§,|7|,[0,Eg,0,[gT|,[0],gg],@). This relates bundles 
or better sheaves (think of these here as bundles supported on holomorphic subvarieties) 
on a Calabi-Yau X in type IIA string theory with special Lagrangian submanifolds (with 
an U{1) bundle over them) in the mirror Calabi-Yau Y (or more precisely the derived 
category D(X) of the category of sheaves on X with Fukaya's Aoo category of Lagrangian 
submanifolds of Y); cohomological invariants relate then the H even (X) of the bundle 
side and H 3 (Y) on the sLag side. Furthermore monodromies around divisors T> in moduli 
space where some such even-dim. cycle (say a divisor D) vanish correspond conjecturally to 
twisting with the line bundle £ d associated to the divisor D and a similar more complicated 
relation, which generalizes the twisting with the help of the concept of a Fourier-Mukai 
transform, relates the conifold monodromy. 

Now for the description of bundles on a Calabi-Yau it was taken a great step for- 
ward when Friedman/ Morgan/ Witten made explicit (via spectral covers) a construction 
of bundles for the case of an elliptically fibered Calabi-Yau. This was then intended as 
compactification space for the heterotic string and allowed detailed studies on such is- 
sues as the moduli space, brane impurities, relation with F-theory and model building (cf. 



1 Note that the T-duality on the T 3 fibre in that construction is not easily related to the 
T-duality on the holomorphic elliptic fibre considered later in the framework of the fibrewise FM 
transform as the holomorphic T 2 is not contained in the T 3 . 
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This class of elliptic Calabi-Yau's is also especially interesting as it allows for a version 
of the Fourier-Mukai transform of a bundle V on non-toroidal spaces which in contrast to 
earlier transforms in such cases (on K3 say) keeps completely the idea of using the duality 



on a torus by building a fibrewise FM transform (cf. 
This is what the physicist would call T-duality on the fibre and operates in an interesting 
way on the spectrum of D-branes on the one hand and has on the other hand a close con- 
nection with the spectral cover construction (a relation of an FM transform to Kontsevich's 
version of mirror symmetry was already mentioned). 

A number of related points in the aforementioned web of connections will be studied 
in the paper. In section 2 the cohomological invariants of a bundle and its fibrewise 
dual are computedi and it is shown how by using an appropriately twisted charge (in 
analogy with the yjTd(X) twist of the Chern character to get the Mukai vector in the 
usual full FM transform) the adiabatic character of the operation is confirmed. I.e. by 
using a decomposition of the cohomology into base and fibre parts the operation of the 
fibrewise duality on the cohomology will be seen to take the form one gets from an adiabatic 
extension of the same operation on the cohomology of a T 2 (fulfilling the expectations from 
the interpretation as T-duality on D-branes) ; a simpler variant of the twisting idea is seen 
also to be necessary for the case of K3 where, in accordance with earlier treatments of that 
case in the literature, still an operation relating the untwisted Chern characters themselves 
can be given by considering a natural twist in the duality functor itself; after these cases 
of Calabi-Yau's of complex dimension one and two our presentation follows the line of 
ascending complexity and demonstrates how for a Calabi-Yau three-fold one has to use 
the twisted charge definition (which also naturally incorporates via an reinterpretation 
the findings for K3) or an adapted version of Mukai's f-map (which uses the usual Mukai 
vector as charge but a slightly twisted operation). 

In section 3 we treat some well-studied two parameter CY (represented by hyper- 
surfaces of degree 8 and 12 in weighted projective space) and make explicit Kontsevich's 
association of monodromies with twists by line bundles resp. a more complicated operation 



with (appendix) and without (main body of the paper) use of the spectral cover construction 



for the conifold monodromy. 

In section 4 a connection between the two main themes of the foregoing chapters is 
given: the fibrewise FM transform is given its place in Kontsevich's general association 
of Fm transforms with monodromies. For this note that the relative FM transform on 
elliptic fibrations is an autoequivalence S:D(X) — > D(X) of the derived category, its 
inverse! functor being (up to a shift) the functor S described in Section 2.2. Then S 
should correspond in the mirror to a monodromy. As part of Kontsevich's generalization 
of mirror symmetry can be formulated without the mirror! we can test this already on X. 

In section 5 we point to another connection between our fibrewise FM transform and 
mirror symmetry. Namely it is pointed out how via the mirror identification one can 
transport operation of fibrewise FM on cohomology studied in section 2 to the mirror side 
and get there a corresponding operation on the middle cohomology (this is basically just a 
careful comparison of base choices as one has to relate natural symplectic bases of periods 
with the decomposition into base and fibre parts used to make the fibrewise Fm transform 
most easily visible) . It is then of course a very interesting question whether that operation 
on H 3 (Y) transported from H even (X) actually can be derived from a certain operation 
already on the space level as it can be done on the original bundle side. As a second instance 
of that transport philosophy we point out how the more precise information one has on 
the moduli space of bundles in the elliptic set-up (as given essentially by a certain index) 
can be transported to a " sLag index" on the sLag side which should give more structure to 
conjectured relations such as the one betwen h l (EndV) and h}(Q) (Q the sLag 3-cycle). 

Finally in section 6 again some moduli space questions in connection with h 1 (EndV) 



3 To be precise, one should use here the term quasi-inverse instead of inverse and the equality 
signs in S o S(-) = (■)[— 1] and S o S(-) = (■)[—!] have to be understood as natural functor 
isomorphisms (see pag. 71 of [54] ; there is also given a quite illuminating discussion about how 
inappropriate the notion of isomorphism of categories is). 

the twists with the line bundle associated to a divisor are related to the monodromies around 
the locus in moduli space where the divisor vanishes, but this already in the Kahler moduli space 
of type IIA, i.e. H even (X) - the identification of the period monodromy in the complex structure 
moduli space of the mirror CY Y (related to H 3 (Y)) are then reached by combining the first 
identification with the mirror map which identifies the monodromies 
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on the bundle side are treated; this shows how these quantities are related to corresponding 
expressions in the spectral cover construction; as that construction relates D6-brane (the 
bundle V) to a D4-brane (its spectral cover divisor with a certain line bundle over it) 
this is considered from the general perspective of studying the action of the fibrewise FM 
transform relating D6-branes to D4-branes on X. 

The appendix recalls the computation of cohomological invariants of a bundle V and 
its fibrewise dual in the spectral cover construction and shows why the twist of the duality 
functor alone, which was successful in the K3 case to get the 'adiabatic' transformation 
matrix, is insufficient in the three-fold case. 

Let us state the technical framework the paper will be moving in. We will assume 
the elliptically fibered CY X has a smooth Weierstrass model, having singular I\ fibers 
over a one-dimensional locus in the base, which furthermore has a section a. All sheaves 
are coherent. Quite often we will deal with bundles which are fibrewise of degree zero. 
They will be in addition semistable on the generic fibre in case we refer to the spectral 
cover construction. For those sheaves the fibrewise FM transforms preserves fibrewise 
semistability. The preservation under fibrewise FM of the absolute stability (with respect 
to some particular kind of polarization in X) is only known in the two dimensional case (cf. 
5q1 1 [|55|| ) • The natural normalization of the Poincare bundle we use will be recalled 



in section 2. As usual in consideration of the FM transform the 'dual' CY X, given as 
a compactification of the Jacobian of the original fibration (Jacobian fibrewise), will be 
identified with X when appropriate. Concerning the notion of a Dp-brane which has its 
p-dimensional spatial world-volume wrapped on a holomorphic p-cycle in X the mathe- 
matical oriented reader should think of a bundle concentrated on that p-cycle, i.e. a sheaf 
on X with support on this cycle (cf. subsection 2.5 and the presentations || , H , []2[] ) . 



2. Fibrewise Fourier-Mukai transform (T-duality) on elliptic Calabi-Yau 

We consider an SU(n) bundle V over an elliptically fibered X of c\{V) = or equiv- 
alently n D6-branes wrapped over X with induced lower-dimensional D2-and DO-brane 
charges (D2i-charges meaning here for now just chi(V)). The case of elliptically fibered 
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Calabi-Yau three-folds X will have a double advantage: one can describe V explicitly via 
the associated spectral cover |25|] and has furthermore the action of T-duality on the ellip- 



tic fibre on the bundles. So our procedure in this section will be first to make the bundle 
description more explicit using the spectral cover method and then to describe the change 
in chiV) induced by fibrewise T-duality, an operation which should be mirrored on the 
sLag side by a corresponding operation. 

The T-duality on the T 2 fiber maps in general (the subscripts indicate whether fibre 
F or base B is contained (resp. contains) the wrapped world-volume) 

DG -> D4 B 
D4 B -> D6 , D4 F -> D2 B 

(2-1) 

D2 B -> DA p , D2 F -> DO 

Our goal in this section is to understand the operation of fibrewise T-duality on the co- 
homological data representing the bundle V and its Fourier-Mukai (FM) dual V, i.e. we 
will mirror the mentioned D-brane relations as a map between ch(V) and ch(V) (in a first 
approximation; the modification needed to make this work will be made precise along the 
way) . For this we will assume the following decomposition of the vertical cohomology (the 
C in H 4 (X) resp. H 6 (X) are H 4 (B) resp. aH 4 (B); the latter a will be often suppressed) 

H°(X) = C 

® 

H 2 (X) = Ca®H 2 (B) 

© (2.2) 
H 4 (X) =H 2 (B)a@C 

© 

H 6 (X) = C 

Then essentially the six entries of the Chern character vector in our decomposition are 
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pairwise interchanged and the transformation has the block-diagonal form 

\ 



Q 



* 
o 





* 



* 




Q 



(2.3) 



* 

V * o/ 

This has the following interpretation: the fibrewise Fourier-Mukai transform (fibrewise 
T-duality) is given here just by adiabatic extension of the T-duality on the fibre; this 
adiabatic relation should be reflected by a corresponding adiabatic relation between the 
matrices representing the operation on the cohomology. Now for the case of an one- 
dimensional Calabi-Yau consisting just of an elliptic curve (representing the fibre T 2 ) the 
matrix is HH] 

So one would like to see that the actual form of the transformation matrix induced by the 
mathematical operation of fibrewise Fourier-Mukai transformation on the bundle (which 
represents the fibrewise T-duality process) is given by (in the order of arrangement given 
in the decomposition above) 







Q 



( 1 

-1 o 







V o o 






1 



-1 












°\ 





1 



Q 



(2.5) 



0-10/ 



thereby then confirming the 'adiabatic' interpretation of the Fourier-Mukai transform as 

3 
-1 3 



1.3 

o 3 



(2.6) 



with entries now consisting of 3x3 blocks corresponding to 

H*(X) = oH*(B) ®tx*H*(B) (2.7) 

A major part of the discussion will be concerned with the question whether one has to 
transform just the Chern characters ch(V) and ch(V) themselves or to use appropriately 
twisted charges Q, Q (like in the usual Fourier-Mukai transformation where the charges 
have twists with y^Td(X)) and similarly the related question whether the transformation 
process itself has to be somewhat twisted. 
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2.1. Description of the bundle by spectral cover data 

Let us first recall the spectral cover description. The SU (n) bundle V on X of c\ (V) = 
decomposes on the typical fibre E (where V is assumed to be semistable) as a sum @iC-i of 
line bundles of degree zero and each of the Ci corresponds! (having chosen the distinguished 
reference point p as origin) to a welldefined point Qi on E (these points sum up to zero as 
det(V) = 1). When the reference point is globalized by the section a the variation of the 
n points in a fibre lead to a hypersurface i : C X , a ramified n-fold cover (the 'spectral 
cover') of B. The equation s = of C involving the section s of 0(a) n can in the process 
of globalization still be twisted by a line bundle M. over B of c\{M) = rj, i.e. S can be 
actually a section of 0(a) n <g> M. and the cohomology class of C in X is given by 

C = no + rj 

Now V will be induced as V = p*TZ from a line bundle TZ over the n-fold cover p : XxgC ^ 
X, i.e. generically will the fibre of V over a point x G X with the N preimages £j be given 
by the sum of the fibre of 1Z at the Xi. If one takes for 1Z the global version of V on has 
indeed that fibrewise V = p*V as sums up the line bundles which makes V out of the 
points collected in the fibre of C over b 6 B, which themselves corresponded to the line 
bundles summands of V on E;,. As the twist by a line bundle L over C leaves the fibrewise 
isomorphism class unchanged (L being locally trivial along C) the construction generalizes 
to 

V = p*{p* c L®V) (2.8) 
where p and pc are the projections on the first and second factor ofXx B C 

Xx B C ^ C 

X ^ B 



5 The double interpretation of E as pointset E\ resp. parameter space E2 for degree zero line 
bundles on E\ is formalized by introducing the Poincare bundle V on e\xE2 which restricts on 
EiXQ to Cq; actually one uses the symmetrized version V = 0(A — PXE2 — E\ xp). 
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The condition ci(V) = translates to a fixingi of ci(L) in H l,l [C) up to a class in 
ker 7T* : H ■ '(C) — > H (B); such a class is known to be of the form 7 = \(no~ — (rj — nci)) 
with A half-integral. 

2. 2. FM transform 

For the description of the FM transform we will instead of working on X xb C work 
on X x B X 



Xx B X X 



pi 



(2.9) 



TT 2 

X B 

where X is the compactified relative Jacobian of X. X parameterizes torsion- free rank 1 
and degree zero sheaves of the fibres of X — > B and it is actually isomorphic with X (see 
or [HI). We will then identify X and X. 
The bundle V is then given by @ 

V = R°p u (p* 2 (i*L) ®V) (2.10) 

where 

V = 0(A-axX - Xxa - Cl (B)) (2.11) 

is the Poincare sheaf normalized to make V trivial along axX and Xxai. 

Now let us determine the FM-transform. For this we make use of the fact that the 
representation of V by the (C, L) data already looks in itself like a FM transform; so when 
we want to describe now the FM transform of V this is practically the double transform 
of z*L; but it is known that the inverse transform of FM is not precisely FM itself again 
but a slightly twisted version of the first transform as we shall see later in this section; so 
only this twisted version would bring us back from V to z*L, or said differently, if we now 
start on V by making the original FM transform we will get i*L times the inverse twist. 



6 tt*( Ci (L)) = -7r*( Cl (C)- Cl )/2) 

7 In what sequel we will identify a bundle with the locally free sheaf of its sections, so that the 
terms bundle and locally free sheaf are used interchangeable 

8 Here we denote by 0(A) the dual of the ideal sheaf of the diagonal. Neither 0(A) nor V are 
line bundles due to the presence of singular fibres, but they are torsion- free and rank 1 



So with V = Pi*(P2(i*L) <S> V) the 'fibrewise dual' bundle is givenS in terms of the 
spectral cover data by0 

V = R 1 p2*(p*i{V)®V*) 

(2.12) 

= i*L (g> tt^Kb 

Note that one wants now to show that there exists a matrix M in the block diagonal 
form as above in ( p.5|) which relates V to V or V to i*L (this is not a big difference because 
the latter option is simply the inverse process as V is the dual of 

Before going on we would like to recall some well-known facts about the FM transform 



for elliptic fibrations (cf. |3^J , []i6| or |18|]) that explain the facts mentioned above. 

We define the Fourier-Mukai functors S l , i = 0, 1 by associating with every sheaf V 
on X the sheaf S l (F) on X (where X and X are identified) 

S i {V)=R i p 1 *(p* 2 {V)®V) (2.13) 



where V denotes the Poincare sheaf ( |2.11| ) on the fibre product. It can be also described 
as (cf. P| ) 

V = 1* ®p\0{-a) ®p* 2 0{-a) ®q*K B (2.14) 

with q = n.pi = n.p2 and X = 0(A)* the ideal sheaf of the diagonal immersion 5 : X — > 
X x B X. 

We can also define the inverse Fourier-Mukai functors S l , i = 0, 1 by associating with 
every sheaf V on X the sheaf 

&{V) = R l p 2 *(p\(V) ®V*® q^K' 1 ) (2.15) 

The relationship between these functors is more neatly stated if we consider the associated 
functors between the derived categories of complexes of coherent sheaves bounded from 



As mentioned above the logic of the procedure is that this follows from the fact that the 
inverse FM transform is given by W = R}p 2 *(plV ®V* ^pl^K' 1 ) = R 1 p 2 *{p* 1 V ®V*) ^n^Kg 1 
so that we have (with W = i*L) W = V (8) tt^K^ 1 . 

10 This is fibrewise just the fact that V = ®i(jT2)*(Tr*(jC.Q i ) (8) V*) = ®iOQ i = with the 
trivial line bundle 1l on C = L){Qi}, for note that (tt^Cq^ ®V*)\E 1 xq Z @e for q^Qi. 
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above. 

S:D-(X)^D-(X); S(G) = Rpi*(p* 2 (G) ® V) 

(2-16) 

S : D~(X) -> 5(6?) = Rp 2 *{vl{G) ® V* ® q*K~ x ) 



Proceeding as in Theorem 3.2 of ||7| and taking into account ([481, Lemma 2.6) one 
obtains^ an invertibility result^: 

s(s(G)) = G[-i], s(s(Q)) = g[-i] (2.17) 

Remark: Even when Q is a single sheaf V, that is, a complex with V at degree and no 
other terms, S(V) is an object of the derived category, or a complex whose cohomology 
sheaves are the sheaf FM transforms S l (V). It is then interesting to know when only 
one of the FM sheaf transforms is different from zero, the so-called WIT^ condition. This 
condition is better studied when the sheaf V is flat over B (for instance, a vector bundle 
or a sheaf i*L where L is a line bundle on a spectral cover C flat of degree n over bM). 
In this case, the vanishing of S 1 ^) or WITo condition, is equivalent to WITo on every 
fibre, that is S ,1 (F) = -<=>- i? 1 (X t ,14 ® C x ) = for every point x where X t is the 
fibre over t = tt2{%), Ft = F\x t an d £-x is the rank one torsion free sheaf of degree on X 
defined by sheaf supported fibrewise by points, always WIT . The WITi 

condition (S°(V) = 0) is not a fibrewise condition. If V is WITi on every fibre, (that is, 
H°(Xt, Vt®C x ) = for every point x) then V is globally WITi and the only FM transform 
5' 1 (y) is flat over B ([|48j2.11). This happens for a vector bundle V fibrewise semistable 



of degree zero. Conversely, if V is WITi the flatness of 5 ,1 (F) is necessary to ensure that 



11 For any complex Q (or any element in the category) with cohomology sheaves Q % , the coho- 
mology sheaves of the shifted complex Q[n] are Gin] 1 = g l+n 

12 Concerning the meaning of the -1 shift, consider a complex given by a single sheaf V located 
at the "degree zero" position. S(S(V)) = V[— 1] means that the complex S(S(V)) has only 
one cohomology sheaf, which is V, but located at "degree 1", [^(V))] 1 = V, [S(S(V))Y = 
0,i ^ 1. When S°(V) = the complex S(V) reduces to a single sheaf, which is the unique 
FM transform S 1 ^), but located at "degree 1", that is, S(V) = 5 1 (F)[-1] and the complex 
S(S(V)) = S(S 1 (V))[— 1] has two cohomology sheaves, one at degree 1 which is S ,0 (S' 1 (y)), and 
one at degree 2 which is S^S^V)). So one has ^(S^V)) = V, S^S^V)) = 0. 

13 We mean that n\c '■ C^B is a flat morphism of degree n, that is, all its fibres consist of n 
points (mayby counted more than once); i : C— >X is the embedding. 
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V is fibrewise WITi. A typical example is a rank n vector bundle V fibrewise of degree 
zero, which is only semistable on the generic fibre. It is still WITi but fails to be so at 
those fibres where it is unstable; this reflects the fact that the spectral cover C contains 
those fibres so that neither C nor S 1 (V) = i*L are flat over B. 

Later we will assume ci(V) = or at least that V has degree and is semistable when 
restricted to the fibre; this is the most important case to our purposes and the bundles 
given by the spectral cover construction are of this kind. 

2.3. K3 case 

Let us consider first the two-dimensional case of X = K3 and assume here the de- 
composition 



The class of the spectral curve C on which i*L is supported is C = no + kF. 

The Chern characters of i*L can be obtained using Grothendieck-Riemann-Roch for 
the embedding i : C — > X 



H°(X) = C 



e 



H 2 (X) = Ca®C 



(2.18) 



e 



H A {X) = C 



ch{i*L)Td(X) 



i*(ch(L)Td(C)) 



(2.19) 



one gets 



ch(i*L) = (0, C, n) 



(2.20) 



further ch(V) (V is the only FM transform of i*L) is given by 



ch(V) = (n,0,-k) 



(2.21) 



Now let us introduce the new functor T(-) 



= S(-) ®n*K B 1/2 = S{-)®0{F) (and similarly 
11 



T*(-) = Sf<(.) <g> 7r*K B 1/2 = ® 0(F)) so that T°(z*L) = F <g> 0(F). We get@ 

ch(T°(uL)) = ch(V){l + F) 

(2.22) 

= M ■ ch(i*L) 



where we reach the matrix we wanted 



M 



/ 1 0\ 

-10 

1 

V o o -l o/ 



The functor T was introduced [57] because its inverse transform in the sense of ( |2.17| ) is 
the "natural" one: T is the FM transform w.r.t. the sheaf V = V 0q*O(F) and its inverse 
functor T is the FM transform w.r.t. the dual sheaf V . S does not have this property 
as its inverse transform is not the FM transform with respect to V*, but this twisted by 
q*K B . So we just divided this up in two parts of K B , distributed among the original 
and the inverse transform. 

2-4- Calabi-Yau threefold case 

So far we considered FM transformation of V with vanishing first Chern class in the 
context of |2l| . Let us now describe the topological invariants of the relative FM transform 
for a coherent sheaf T on an elliptic Calabi-Yau threefold. Therefore we start again from 
( ^9|) . Applying GRR for pi we get (Q can be an object of the derived category) 

ch(S(Q)) = Pi*[pl(G) ■ ch(V) ■ ToI(Tx/b)] (2.23) 

where Td(T x / B ) = 1 - gCi + ^(13c? + 12ac t ) - \oc\ (with c x = n*ci(B)) denotes the 
Todd class of the relative tangent bundle T x /b = Tx/tt*Tb- Note that S{Q) is a complex 
(or an object of the derived category) and then its Chern character is 

ch(S(g)) = J2(-^ch(S\g)) (2.24) 



14 This holds more generally: if only T l (JF) is non-zero, one has ( — I) 1 ch(T l (T)) = M ■ ch(i*L) 
and the same formula for T ([}47|, eqn.(4.1)). As the only inverse transform of T l (.F) is T 1 ^ 1 , one 
has ch{f l - l {T\F))) = —M 2 ■ ch{F), consistent with f 1 '* = F and M 2 = -id 4 . 
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To compute ( |2.23| ) note first that ch(X) = 1 — ch(5*Ox) with the diagonal immersion 8. 
Riemann-Roch gives 

ch(8*O x )Td(X x B X) = 5*{ch{O x )Td{X)) (2.25) 

where one has the expressions for Td(X) and Td(X x B X) given by 

Td(X) = 1 + -L(c2 + n c 2 + 12aCl ) 

iZ (2.2oJ 
Td(X x B X)= p* 2 Td{X)p\Td{T x/B ) 

The Chern character of the ideal sheaf is then given by (with the diagonal class A = <5*(1)) 



1 5 1 

ch(l) = 1 - <5*(1) - -<5*(ci) + 5*(a • ci) + -5*(cf) + -5*(crc\) 

Z O Z 

= 1 — A — -A • p* 2 a + A ■ p 2 (a ■ ci) + ^A • p* 2 (c\) + ^A ■ p* 2 (ac\) 



(2.27) 



Defining the numerical invariants (with F the elliptic fibre class) 

n = rkQ, s = ch 3 (G) 

d = chi (G) • F, g = chx (G) ■ a ■ c t (2.28) 

c = ch 2 (Q)-a / = ch 2 (Q) ■ ci 
we get for the Chern characters of S(Q) 
ch (S(G)) = d 

3 

chi(S(Q)) = chi(Q) - (d + n)a - pi*(p 2 ch 1 (G)cr) + pi*(p 2 ch 2 (G)) - -dc\ 

ch 2 {S{Q)) = ch 2 (G) - 2ch 1 {Q){ci + a) + api^(p 2 (ch 1 (Q)a)) - api*{p* 2 ch 2 {G)) (2.29) 

25 3 1 

+ j^dcj + (s + 2g-c- -f)F + {-n + d)aa 

ch 3 (S(G)) = -{^nac\ - -acid - -g + f + c) 
Note that if there is only one non- vanishing transform S l , its Chern character is computed 
from d^|) by cfc(£*(0)) = (-1)^(3(0)) due to (p|). 

Similar calculations can be done for the inverse FM transform. 
ch (S(G)) = d 

3 

chi(S(G)) = -chx(G) + (d- n)a + p 2 ^p\chi{G)(y) + p 2 *{p\ch 2 (G)) + -dc\ 

ch 2 (S(G)) = -ch 2 (G) - 2ch 1 (G)(c 1 + a) + (rp2*(p{(chi(G)cr)) + <jp 2 *(plch 2 (G)) (2.30) 

25 3 1 

+ — dc\ + (s + 2g + c+ -f)F + (d - -n)ac x 

ch 3 (S(G)) = -(-nacl - ^acld +^g + f + c) 

13 



If we consider now a sheaf V and write its Chern character as 



cho(V) = n, chi(V) = xo + S, ch2(V) = at] + aF, chs(V) = s 



(2.31) 



(77, S E p* 2 H 2 (B)), then by ( ggg ) and (|QD| ), the Chern character of the FM of V and of 
the inverse FM of V are 

ch (S(V)) = x 



chi(S(V)) = —no + n xc\ 

2 

ch 2 (S(V)) = (^ci - S)o + {s- -rjcxa + -^xcfo)F 

1 1 

ch 3 (S(V)) = --noc x - a + ^ciS 



(2.32) 



and 



ch (S(V)) = x 

chi(S(V)) = —no + n H — xc\ 

1 11 

ch 2 (S(V)) = (-2 nCl ~ S ^ a + ( s + 2 r,Cl(T + i2 XC ^ F 
chs(S(V)) = — -noc\ — a — -o~ciS + xocf 



Using the decompostion of the cohomology we find 

/ 



ch(V) 



x 
S 

n 

a 



ch(S(V)) 





—71 

77 + \xc\ 
— \nc\ — S 



\ 



s + \nc\o + j^xc\o 
\ — ^nocf — a — t;OCiS + xoc\ ) 



(2.33) 



If we multiply ch(S(V) by the Todd class Td(N) = 1 - \c x + 4c?,Es we get 



/ 



ch(S(V) ■ Td(N) 



x 
—n 

n 

-s 

1 2 
Y2 



\ 



V —a + xcrcf / 
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We always confuse the normal bundle N with its pull-back n*N to X 
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When V is fibrewise of degree 0, which is the case we are mainly interested in (bundles 
constructed from spectral covers are of this kind), we have x = and then 



/ x \ 
— n 

n 

-s 

s 

\-aJ 



( 1 

-1 





V o 












1 



-1 












°\ 





1 
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X 

s 
n 

a 



(2.34) 



that is 



Td(N) ■ ch(S(V)) = M ■ ch{V) . (2.35) 
So for fibrewise degree and semistable bundles V we have S°(V) = and ^(V) = z*L, 



so that (|2.34|) is equivalent to 



Td(N) ■ ch(nL) = Td(N) ■ ch(S\V)) = -M ■ ch(V) . 



There is an analogous equation of ( |2.35| ) for the direct FM transform S(V); proceeding 
as above one shows that if x = then 



TdiN' 1 ) ■ ch(S(V)) = M ■ ch(V) . 



(2.36) 



For fibrewise degree and semistable bundles V we have S°(V) = and if we write 
S 1 ^) = i*L, we have 

TdiN' 1 ) ■ ch(i*L) = TdiN' 1 ) ■ ch(S\V)) = -M ■ ch(V) . 

How have these results to be interpreted ? We will show in the appendix why in 
the three-fold case the sole use of the T-functor known from the -PT3-case to give the 
map between the Chern classes of the bundle and its dual is insufficient to exhibit as 
transformation matrix the adiabatic extension (|2.5| ) of the usual T-duality matrix ( |2.4j ) on 
the fibre. 

Rather one has to invoke the precise definition of the twisted charge relevant here. 
Recall from the usual (full, not fibrewise) Fourier-Mukai transform that one has actually 
to take the Mukai vector which has a twist by \jTd{X) and not just the Chern character. 
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Now there are two possible alternative routes of procedure: one can either twist the 
operation a little bit and stick to the usual Mukai-vector (this is described in the next 
subsection) or keep the operation and make the twist in the usual Mukai-vector more 
'relative' as described in what follows. 

Similarly to the usual twist in the Mukai-vector here in the fibrewise situation a 



(2.38) 



twist by y^Td(N) with the normal bundle iV = j*TX/TB = j*T x /B plays a role (where 
j : B X). Now suppose you have a complex of sheaves Q on X and you twist the 
standard definition of ch to define a "charge" 

Q@) = ^(-IM^XV^W) 1 ^ 11 (2-37) 

where Q l are the cohomology sheaves of the complex Q and \i + 1| = (— l) l+1 . 
Then 

Q(S(V)) = -ch(S\V))(y/Td(Nj) 
Q(V) = chiV^^TdiN))- 1 

and thuS 

Q(S(V))=M-Q(V) (2.39) 

Since S°(V) = and ^(V) = i*L we have S(V) = i*L[—l] as complexes and then ( |2.38j ) 
is equivalent to 

Q(i*L[-l]) = M ■ Q(V) = M ■ Q(S(uL)) 

This represents one way to arrange the quantities involved to get the M matrix. In 
view of the internal twist by Td{Tx/B) i n the FM transform ( |2.23|) the charge definition 



( |2.37| ) may not come as a surprise^. As outlined above still a different route can be taken. 
This is described in what follows. 



16 For a single sheaf V, we are writting Q(V) in the sense that V is understood as a complex 
with V at degree and no other terms. 

17 note the close relation j*T x/B = N between T x/B = TX/n*TB and N = (j*TX)/TB where 
j : B X; cf. also the motivation for the T-functor in the K3 case described at the end of that 
subsection and the appendix for the role of Td(N) 
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2.5. f-map 

The effect of the FM transform in cohomology is usually described by means of the 
so-called f-map. For a fibrewise FM transform, we can also introduce a relative version 
f r : H (X) ->• H(X) of the f-map. It is defined by 

f r (x) =Pi*(p* 2 (x) ■ Z r ) 

where Z r = ^p* 2 Td{T x/B ) ■ ch{V) ■ y/p\Td{T x/B ). Then 



'Td(T x/B ) ■ ch(S(V)) = i r (ch(V) ■ ^/Td(T x/B ) ) 
If we consider instead of ch(V) the effective charge given by the Mukai vector 



Q(V) = ch(V) ■ y f Td{X) (2.40) 
then the effect of f r on Q(V) is described by 

W(V)) = Q(S(V)) (2.41) 
But if we modify the definition of f r to f : H(X) — > H(X), 

f(x) =pu(p* 2 (x)-Z) (2.42) 

with Z = yJp* 2 Td(X) ■ ch(V) ■ y/p$Td(X), then by flT55p , the effective charge of V trans- 
forms to 

f (Q(S(V))) = M ■ Q{V) (2.43) 

when x = 0. Then if V is moreover fibrewise semistable so that S°(V) — and S 1 ^) = 
i*L, then 

-f (Q(t.L)) = -f(Q(^(y))) = f (Q(5(V))) = M ■ Q(V0 

^.5. Fibrewise T-duality on D-branes at the sheaf level 

Our next goal is to describe T-duality on the T 2 fiber maps given in ( |2.1| ) at the sheaf 
level. 
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Let us consider the skyscraper sheaf C(x) at a point x of X. It is a WIT sheaf and 
its FM transform S°(C(x)) is a torsion-free rank one sheaf L x on the fibre of X over ir(x) 
as we expect from (|2.1|) and thus we see DO — > D2 p . 

For the topological invariants we have indeed n = x = a = 0, £ = 77 = 0, s = 1 and 

then 

chi(S°(C(x))) = 0, i = 0,1,3, ch 2 (S°(C(x))) = F (2.44) 

If we start with F = O a ; proceeding as in (3.16) of we havelll 
S°(O l7 ) = O x , S\O a ) = 

(2.45) 

S°(O x ) = 0, S\O x ) = O a ®ir*K B 

Then O a transforms to the structure sheaf of X and Ox transforms to a line bundle on 
a as we expect from (|2.1|) since D4 B <-> D6. We have as before the transformations at the 
cohomology level; 

I 1 

n = 0, x = 1, S = 0, t] = -ci, a = 0, s = g " ? (2.46) 

and then we get 

ch (S°(O <T )) = l, chi{S°{O a )) = 0, z = l,2,3 (2.47) 

Finally, let us consider a sheaf JF on 5; by ( |2.45| ) we have 

S°(O a ®ir*F) = tt*F, S 1 (O tT ®7r*F) = 

(2.48) 

S°(tc*F)=0, S\n*F) = (7 ®n*F®n*K B 

Then, a sheaf O a ® 7r*jF = j*F (j : B-^X is the section) supported on a curve C in B 
embedded in X via j transforms to a sheaf on the elliptic surface supported on the inverse 
image of C in X and vice versa. This is what we expected form the map D2 b *-> DA p of 

»■ 

Then, even at the sheaf level we have the relations (|2.1| ) appropriate for the fibrewise 
T-duality on D-branes 

D4 B -> D6 

D2 B ^D4 F (2.49) 
DO -»■ D2^ 



18 With the identification X ~ X the point x corresponds precisely to L x (see [47] or |4 

19 Our formulas differ from those in [48] because we are using a different Poincare sheaf 
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3. Period monodromies and bundle automorphisms 

Kontsevich proposed to consider mirror symmetry as an categorical equivalence be- 
tween the bounded derived category D(X) of X and Fukaya's category of Lagrangian 
submanifolds for the mirror X. The object of the derived category D(X) is a complex of 
coherent sheafs on X resp. the object of Fukaya's category is a Lagrangian submanifold 
with flat U(l) bundles on it. 

It is now expected that under the proposed categorical equivalence between D(X) and 
A^ the monodromy of the SLAG 3-cycle is mapped to certain automorphisms in D(X) 
(Fourier-Mukai transformations). We are going to make these relations explicit and check 
them thereby for two modelsll. 

3.1. The models 

So we consider the models Pf i 2,2,2^] an d Pf 1 2,2,e[12] given by degree 8 resp. 12 
hypersurfaces in the respective weighted projective spaces. Among these hypersurfaces are 

zf + z$ + zi + zi + zi = (3.1) 

and 

zf + zf + 4 + 4 + ^ = (3.2) 
These models were studied in Hl5| , Wh - At z\ = z 2 = both models have a curve C (of 



genus three resp. two) of A\ singularities, which when blown up leads to an exceptional 
divisor E in X. E has the structure of a ruled surface (P 1 fibration) over C; let I denote its 
fibre. A second divisor class L (besides E) comes from the fact that both models are K3 
fibrations over P 1 (the de gree one polynomials generate a linear system \L\ which projects 
X to P 1 with fiber L = K3). L and E together generate H^(X, Z). The generators of 
the complexified Kahler cone in H 2 (X, Z) are chosen to be (E, L), thus the generic Kahler 
class can be written as t = t±E + t 2 L where (£1, £2) are coordinates on the Kahler moduli 
space of X. 



20 which are just K3 fibrations, not elliptic ones, so somewhat outside our main applications 
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A second linear system \H\ is generated by degree two polynomials and related to 
the first by \H\ = \2L + E\ (for both models). Let 4h denote the intersection of two 
general members of H and L in the degree 8 model, which is a plane quartic (think 
of a hyperplane section of the K3 = -P 3 [4]) which can be specialized to a sum of four 
lines. Similarly one can define 2h = H ■ L in the degree 12 model, h = \H ■ L and 
/ = ■ E in the degree 8 model resp. h = \H ■ L and / = \H ■ E in the degree 12 model 
generate H 2 (X : Z) in both cases. They are dual to H and L in the sense that the relations 
L-l = l, L-h = 0, H-l = 0, H-h = 1 hold (which mean for E that E-l = —2, E-h = l). 

Let us recall now the intersection relations for both models. As they are K3 fibrations 
one has L 2 = 0. The remaining intersections are as follows. For Pf i 9 9 9 f8l one hasil 

E 3 = -16, E 2 -L = A 

(3.3) 

c 2 (X)-L = 24, c 2 (X)-E = 8 
and for Pf x 2 2 6 [12] one hasil 

E 3 = —8, E 2 ■ L = 2 

(3.4) 

c 2 (X)-L = 24, c 2 (X)-E = 4 

The mirror family X of X can be obtained by applying the Greene-Plesser construction 
I^j , which is given by p = 0/G with 



p = zf + z\ + z\ + z\ + z\ — 8ip ziz 2 z 3 Z4Z 5 — 2(j)z 1 z 2 = (3.5) 

for Pf,i f2f2f2 [8] with G = Z| and for Pf flf2f2ffl [12] 

p = z \ 2 + z\ 2 + zl + zt+z 2 - 12il) Zl z 2 zzz±z b - 2(\)z\z\ = (3.6) 

with G = Z| x Z 2 . Note that <f> and parameterize the moduli space of complex structures 
of the mirror X which does not get any a' corrections. 

Of course the complex structure moduli space of the mirror is identified with the 
Kahler moduli space of the original Calabi-Yau and under this identification monodromies 



21 one has also the relations H 3 = 8, H 2 ■ L = 4 and H ■ E ■ L = 4 

22 one has also the relations H 3 = 4, H 2 ■ L = 2 and H ■ E ■ L = 2 
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on the Kahler side are replaced by there transpose-inverse. The N = 2 prepotential T 
determines the vector of periods of the holomorphic three-form O on the mirror manifold 
X which is given in the (E, L) basis by (note the identification just mentioned) 



(2T-t i F i \ 
F 1 - 2F 2 
F 2 
1 

ti 

\ h I 



n 



Note that the ordered here is H 6 : H 4 : H°, H 2 . So the degree in the *'s is i on H 2% . Here 



the cubic prepotential is given for P| 1 2 2 2 [8] by|T5 

4 



T = -rt? - 2* 2 * 2 - 2*1*2 + ~ti + t 2 



7 
-1 

3 



and for P? i 2 ,2,6[ 12 ] b Y 



6 D 



(3.7) 



(3.J 



with JF 1 = z = 1, 2. It contains in the purely cubic part the properly normalized (with 
-1/3!) intersection numbers Cijk- One then gets in a neighborhood of the large radius limit 
for Pf x 2 2 2 [8] resp. P| 1 2 2 e[12] (or of the large complex structure limit for the mirrors) 



( \t\ + t'(t 2 + fh +t 2 \ 

g — 2*1*2 

l-*f 

1 

tl 

*2 



13, 



n 



n 



f ft? + 2*i* 2 + 1*1 +* 2 \_ 

-4*1*2 + 4*1 - 2* 2 + § 
-2t\ -2*i + l 
1 

*2 



3.2. Monodromy 



The vectors just mentioned have a monodromy behaviour (represented by a matrix 
Si) under *j — > *j + 1 easy to read off. It belongs to a divisor T>i in the moduli space 
where the corresponding cycle becomes small. Note that infinity is the fixpoint of the 



23 The 2. entry is not F 1 as one comes from the H,L basis and then E = H — 2L (cf. also 
0where the monodromy transformations correspond to shifts in the (H,L) basis not the (E,L) 
basis) 



21 



mentioned shift in the respective variable; furthermore in the matrices Ri := Si — 1 one 
finds RiRjRk = Cij^Y with Y a matrix independent of i,j, k, i.e. the Ri fulfill the algebra 
of the Di. Note also (cf. |15j ) that multiplication with Di corresponds to Ni := log(l-\-Rj). 
This relation means that ch{[Dj\) = e Di (where [Di] is the line bundle associated with the 
divisor) corresponds to the monodromy matrix Si = 1 + Ri on the Kaehler period vector. 
This is the Kontsevich relation between tensoring by the line bundle and monodromy 
matrix purely on the H even side; mirror symmetry identifies this with the monodromy of 
the type IIB periods. 

Let us write down the monodromy matrices Si about the two divisors (following the 
notation of |^5| ) Vh = -D(o,-i) an d T>l = = -D(i,o) f° r the degree 8 and the degree 12 
model 
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The monodromy about the conifold locus is given for both models in the (E, L) basis by 
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V o 
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For easier comparison let us note that Fig. 1 of [15] shows among other things the divisors 
(of compactified moduli space) given by 0— >oo, -i/^oo, the conifold locus C con given 
by 864'0 6 + = ±1 (or (1 — x) 2 — x 2 y = in the variables x := — </>/(864'0 6 ), y := l/4> 2 ), 
C\ given by y = 1 and Co given by ift = (with its singular point "0 = = 0); in a 
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heterotic language one would describe C^ by S = oo, C\ by S = T and the points of 
intersection of C con with C^ resp. C\ with C^ by T = i resp. £ = T = oo, leading 
to the Seiberg-Witten point resp. the large radius point (or the large complex structure 
point in the mirror interpretation); 'leading to' because actually and more precisely both 
of these points belong to the points in the moduli space which have to be blown up to get 
divisors with normal crossings only (cf. Fig. 4 of jT5| ). In the course of the resolution 
process at these two points are the divisors E2 resp. _D( 0i -i) introduced which intersect 
Coo = -^(1,0) i n the point u = 00 at infinity of the Seiberg-Witten u-plane resp. in the large 
complex structure point. One finds that Sl = (ATB) -1 , Sh = (AT)~ 2 where A, £?, T 
are the monodromies around Co, Ci, C con . Note also that, for example, the association 
between the divisor L, the K3, and the divisor Vl in the moduli space becomes explicit 
as the making the basis P 1 of the K3 fibration large is equivalent to making the K3 itself 
hierarchically small. 

Note that our So matrices (and the T matrix) are related to those of |15[] by 

m ■ V>d ■ m~ x = T>£> 
K-V D -K~ l = S D 



(3.9) 



with 
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3.3. D6-branes charges and bundle data 



We are now interested in an explicit map between the topological invariants of the 
characteristic classes of the Chan-Paton sheaf V and the brane charges.0 Therefore let 
us consider the BPS charge lattice which can be identified with the middle co ho mo logy 
lattice of the mirror manifold H 3 (X, Z) and consider the central charge associated to the 
integral vector n = (hq, n\, n|, no, n^, n|) which is 



Z(n) = n 6 ili + nlTl 2 + nlll 3 + n U 4 + nlll 5 + nlll 6 . 



(3.10) 
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Cf. the analysis of [0] for another two-parameter Calabi-Yau and |14| for the quintic. 
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One the other side, one has in the large volume limit of X the lattice of microscopic D- 
brane charges (which is identified with the K-theory lattice K(X)). Here one considers 
the effective charge Q of a D-brane statell r\ given by the Mukai vector 



Q = ch(ri)^Td(X) E H°(X) © H 2 (X) © H A (X) © H 6 (X) (3.11) 
with the associated central charge 

Z(t) = Jj4°- %Q 2 + tQ 4 - Q 6 . (3.12) 



where t = t±H + t 2 L is the generic Kahler class and expansion of ( 3.11 ) leads to 



Q = (r^chtiV),^^) + ^c 2 (X),ch 3 (V) + ^chxiVy^X)) (3.13) 



so one has 



Z{Q) = ^ 3 " \chi{V)t 2 + (ch 2 (V) + ^c 2 (X))t - (ch 3 (V) + ^ctnOOcfoOO) (3.14) 

The comparison of Z(n) and Z(t) leads then to a map between the low energy charges 
n and the topological invariants of the K-theory class rj. We find for Pf i 2,2,2^] 

r(V) = n 6 
ch^V) = n\E + nlL 



ch 2 (V) = {An\ - 2n\ + n\)h + (-2n\ + n\)l 
2 

ch 3 (V) = -n - -n\ - 2n\ 



(3.15) 



and for Pf x >2>2>6 [12] we get 



r(V) = n 6 
ch x {V) = n\E + n\L 
ch 2 (V) = n\h + n 2 l 
ch 3 (V) = -n - -n\ - 2n\ 



(3.16) 



25 Note that for N coincident D6-branes wrapping X, the gauge field has to satisfy the Hermitian 
Yang Mills equations in order to preserve supersymmetry Fij = 0, u> 2 AtrF = co 2 Aci(V) = 0. The 
first equation tells us that the vacuum gauge field A is holomorphic connection on a holomorphic 
vector bundle V — > X. The second condition is the integrability condition which guarantees a 
unique solution to the Donaldson-Uhlenbeck-Yau equation g' lJ Frr = 0. 
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3. 4- Kontsevich's association 

A part of Kontsevich's association can be described just on the bundle side; it is just 
the question of transport between the 'fibration' basis (|2.7|) and the Kahler period vector 
basis (cf. [15 1, p. 12 and [I7||,p. 7; mirror symmetry is then "only" a rephrasing of the Kahler 



period vector in H even (X) as complex structure period vector in IIB for the H 3 of mirror); 
the relations ( |3.15| ) , ( |3.16| ) and (4.22) express the mentioned basis transformations. 

We find that the monodromy transformations Sl, Sh correspond to the following 
automorphisms M(D) 

[V] - [V <g> O x {L)], [V] ^[V® O x (H)} (3.17) 

with the topological invariants of V changed according to for a 'twisted' sheaf V = V ® 
O x (D) to 

r(V') = r(V) 
chiiy') = dn(V)+rD 



ch 2 (V) = ch 2 (V) + ch x {V)D + T -D 2 

£4 

ch 3 (V) = ch 3 (V) + ch 2 (V)D + l-ch^D 2 + "-D 3 

I D 



(3.18) 



and we see that the linear transformations acting on n corresponding to D = H, L are 

M(D) = S~ l (3.19) 

Let us consider now a second type of monodromy transformation proposed by Kont- 
sevich. He proposed that the monodromy T about the conifold locus of the mirror corre- 
sponds to the automorphism of the derived category whose effect on cohomology can be 
denoted by (where l x is the standard generator of H°(X, Q)) 

5: 7 ^ 7 - ( J 7 A Td(T x )^j ■ l x (3.20) 

corresponding to a change in the topological invariants of V 

ch(V) - ch(V) - ( C/ll(V [ ) 2 C2(X) + ch 3 (V)) (3.21) 
25 



using the expression of the prepotential in the large radius limit 

F= 1 -(t-jf-^p-(t.J) + .... (3.22) 

where (t ■ J) = ^t a J a (in particular we have J\ = E + 2L and J 2 = L) and using the 
period vector IT we find the expression valid for both models 

chiiy) = n\{J 1 - 2J 2 ) + n\j 2 

c (X) ( 3 - 23 ) 
ch 3 {V) = -K(J! - 2J 2 ) + n \j 2 )^- - n 

leading to the universal shift 

n& — > n 6 + n (3.24) 

comparing this to the monodromy we find that the linear transformation acting on n 
corresponds to 

S = T -1 (3.25) 



4. FM-transform as Monodromy 

Perhaps most important in view of the other investigations in the paper is the question 
whether the Fourier- Mukai transform will be related to a monodromy matrix in the sense of 
Kontsevich's proposal. As the corresponding matrices are by mirror symmetry identifiable 
already on the bundle side (as worked out for some two parameter examples in the foregoing 
section) this comes down, in a similar elliptic example, exxentially to the question whether 
the matrix M in (|2.5| ) (or the corresponding matrix in the sLag side), is generated by 
Sh, Sl,T. This will be made precise below. 

Now recall that the transformations in the Kontsevich association considered in the 
foregoing section can themselves be considered as FM transforms. This time we will not 
work on the fibre product but rather on the ordinary product. 



X x X X 



qi 7T2 



X B 



(4.1) 
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One defines the Fourier-Mukai functors by associating with every sheaf V on X the 
complex of sheaves Sg(V) on X (where X and X are identified as before) 

S i £ {V)=R i pi*(p* 2 {V)®£) (4.2) 

where the kernel £ G D{X x X) is an object in the derived category. We can also define 
the full FM transformation at the derived category level 

s £ {g) = Rpu(pZ(g)®e) (4.3) 

For example the twist transformation Q—>Q ® £ considered in ( |3.17| ) comes from £ = 
Oa ®?2(^) where A is the diagonal of XxX. In particular So A is the identity. The other 
operation (corresponding to the 'conifold monodromy') considered before corresponds to 
an £ whose cohomology is the ideal sheaf Xa of the diagonal of XxX. The topological 
invariants of this Kontsevich FM transform can be easily obtained: The exact sequence 

O^Ia^Oxxx^Oa^O 

leads to a triangle triangle in the derived category D(X) relating the corresponding FM 
transforms with these kernels: 

St a (0) - S 0xxx (S) - So - S JA (G)[1] (4.4) 

and then 

ch(s lA (g)) = ch(s OxxX (0))-ch(s OA (g)) = ch(s 0xxx (g))-ch(g) (4.5) 

Riemann-Roch gives now that chi(So XxX ((?)) = for i > and then 

ch(s XA (g)) = ch (s Oxxx (g)) - ch(g) = ( J ch(g) a Td{T x )) - ch{g) (4.6) 

so that we recover the "gamma shift" ( |3.20| ) as expected when g is a WITi sheaf. 

Now our fibrewise FM transform is specified by using £ = j*V where V is the Poincare 
of (|2.14|) and j : X x B X—^XxX is the natural embeddingil, so it is build up out of the 



26 The relationship between fibrewise FM and full FM is that (cf. also f|§] ) FM on X x B X 
with respect to any sheaf P is the same as FM on X x X with respect to j*P as is clear from the 
fact that pi = qi o j implies Rpi* = R(qi* o j) = (i?gi*) o j (the closed immersion j has no higher 
derived images) and then Rpi*(p* 2 {V) ® P) = Rqi*(j *{pl(V) ® P)) = Rqi*(j*(j*(qZ (V)) <8) P)) = 
Rqi*{l2(V) ® P) by the projection formula. 
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structures given by the divisors (resp. their associated line bundles) a and tt*Kb on the 
one hand and by (D& on the other. 

Since we have the M matrix equation when we transform bundles V with the inverse 
FM, we concentrate on it. This FM is S = Sj t Q with 

Q = V*®q* (K^ 1 ) =1® plO(a) ® p* 2 0(a) ® q*K^ 2 

where I is the ideal of the diagonal of X x^I. Then 

S = (®q*K~ 2 ) o (®<D(a)) o S ja o (®0(a)) (4.7) 

or 

We have then written our fibrewise FM S as a composition of three Kontsewich full FM 
transforms and one FM transform Sj f x- 

Technically one can proceed now in two ways. One can read off the relevant matrix 
from our earlier treatment of the relative FM transform in section 2. Alternatively, and 
presented first, we are going to describe Sj^j in terms of the Kontsevich full FM transform 
Sj A , to make the closest contact to that quantity. 

To this end, we use the exact sequence 

-> J -> J A -> j* J -> 

J being the ideal of the closed immersion j : lxgX->JxJ. We have as in Q4.4j) a 
triangle in the derived category D(X) 

Sj{<3) - S Xa (G) - % x (£) - 

and then 

ch(S x jg)) = ch(S x (G)) + ch(Sj(g)) (4.8) 
The term ch{Sx A {G)) is given by ( fl6| ) whereas ch(Sj(Q)) can be computed from 

c&GA = = i-j;(i)+^;(i)-^( Cl )-^;(i)-^( c ?) 
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is the class ofXx B X in H A (X x X)). 
If we write 

ch (Q) = ng, chi(Q) = xgo + Sg, ch 2 (G) = or\g + agF, ch 3 (g) = sg 
(fO|) now reads 

1 1 

ch (Sz A (G)) = Sg - —XgOc\ + aCxSg + — XgaC 2 - Ug 

= {ch 3 g H — ) - ch g 

ch x {Sx^g)) = -ch t g ( 4 - 9 ) 
ch 2 (s lA (g)) = -ch 2 g 
ch 3 (Sx A (g)) = -ch 3 g 

and ch(Sj(g)) is given by 

ch (Sj(g)) = sg - —xgacl + aciSg + -^xgac 2 - xg 

f h r jl ch\gc 2 (X) 
= (ch 3 g + — ) - Xg 

ch 1 (Sj(g)) = -ngCi - T]g + ^XgCx ( 4 - 10 ) 

ch 2 {Sj{g)) = (^ng - -^xg)c\ - dSg + -r]gCx - SgF 

ch 3 (Sj(g)) = o 

This gives then the needed information about ch(Sx{g)) which can alternatively be com- 
puted also from ( |2.27|) . If one writes 

cho(g) = ng, chi(g) = xgo + Sg, ch 2 (g) = ar]g + agF, ch 3 (g) = sg 

then 

ch {Sx{g)) = xg - ng 



chi(Sx(g)) = -xga - Sg + (ng - ^Xg)cx + T]g 

ch 2 (S x {g)) = -ang - agF - (^n g - j^xg)^ + cxSg - ^Vg^i + sg F 

ch 3 (Sx(g)) = ~Sg 
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(4.11) 



Let us now start with a sheaf V whose Chern character is written as in ( P-31 ) in the 



form ch Q (V) = n, ch\(V) = xa + S, ch2(V) = arj + aF, ch s (V) = s. By applying the 
composition ( |4.7|) we obtain 

ch(S(V)) = ch(0(2 Cl )) ■ ch(0(a)) ■ ch(S x {G)) 

with Q = V (g) O(a). The Chern character of Q is given in terms of ch(V) by ( |3.18|) . We 
then have 

1 

ng = n, xg = x + n, Sg = S, r\g = r\ nc\ + S — xc\ 

1 1 2 1 iU2) 
ag = a, sg = s — ac\r\ + a H — xacf ac\S H — nac\ 

2 2 6 



Now from (|4.7|) we expect the following relation for the monodromy corresponding to the 
relative FM transform expressed as a product of known Kontsevich monodromies and the 
monodromy around the diagonal of the fibre product whose ideal sheaf is X 



S v = S a - Si -S x -S a (4.13) 

Let us make this more explicit by considering the degree 18 model. 
Example 

Consider the elliptic fibration given by Pf x x 6 9 [18]. This model has been extensively 
studied in the context of mirror symmetry [T(J and in the context of D-branes on elliptic 



Calabi-Yau 0. Among the degree 18 hypersurfaces is 

z{ 8 + zl 8 + zl 8 + z s 4 + =0 (4.14) 

At z\ = Z2 = Z3 = the ambient space has a singular line which intersects X in a single 
point. The blow up of this line gives an exceptional divisor E = P 2 in X. A second divisor 
L (defined by the first order polynomials) is given by the elliptic surface over a line in P 2 
and together with E generates H^(X, Z). The elliptic fibration structure is induced by the 
linear system \L\ generated by z±,Z2, Z3 mapping X to P 2 . The section of the fibration is 
given by P>2 = E. The homology class of the elliptic fibre in H2(X) will be denoted by 
h = L 2 . Further intersection relations are given by 

E-L 2 = l, E 2 -L = -3, L 3 = 0, E 3 = 9 (4.15) 
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Working in the E, L basis (cf. 0) the generic Kahler class is given by J = t\E + t?L with 
ti,t% coordinates on the Kahler moduli space. 

In the degree 18 model again one has a = E = B = P 2 and tx*Kb = 3L; note that 
H = 3L + E with a corresponding multiplicative relation Se = Sjj • S£ for the matrices 
(as the Chern character is multiplicative). 

Here the relation becomes 



by — OE ■ O l ■ &z ■ OE 



(4.16) 



whereas the matrices are given by 



f 1 


-1 


-3 


10 


9 


3 \ 





1 




















1 





-3 


-1 











1 
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1 





Vo 














1 / 



(\ -1 




1 







Vo o 



1 







3 

1 



1 



1 



2 


-1 



1 





\ 

-1 





1 / 



(4.17) 



S E 



f 1 


-1 





1 





\ 





1 





-9 





3 
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3 





-1 











1 

















1 


1 





Vo 








-3 





1 / 



Note that these matrices commute (cf. also flql , p. 12) and that Se = Sh • S L ' 



In order to obtain the matrices Sj and Sy we have to use the comparison (which has 
been performed for this model in [0]) of the central charges Z(p) and Z(Q) which gives 
the relation between the middle cohomology charges n and the cohomological invariants 
of the vector bundle Q 

ch (Q) = n 
ch x {g) =aE + PL 
ch 2 (g) =~fEL + 5L 2 
ch 3 (Q) = e 



(4.18) 
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where the coefficients are given in terms of the BPS charge vector n 



n 



a 



n 



4< 







n A 



e = -n + \n\ - 3n* 



(4.19) 



Now the FM transforms S(.) and Sx(.) induce a linear transformation on the BPS charge 



lattice (i.e. one compares the coefficients of ( |4. 18| ) with the new coefficients given by the 
cohomological invariants of S(.) and Sj(.)). 



Si 



/I 





3 


-9 









f° 


-1 
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3 \ 
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3 


-9 


-1 







1 











-1 
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-3 


-1 
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1 

















-1 

















1 
















1 








Vo 
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-3 





l) 




Vo 





1 


-3 


-3 


/ 



with 



(4.20) 



denoting the linear transformations on the lattice n. 

Finally, using these matrices we can write the M matrix as (for a = n\ = 0) 



M 



i ■ [s^Y ■ r 1 ■ s 



td 



(4.21) 



where / relates (cf. ( |4.19| )) the period basis with the 'fibration' basis (|2.7|) and Std represents 
the Td(N) twist for this model (cf. appendix) 



I = 
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, S t d — 




-3/2 





1 














3/2 











1 







-3/2 





1 














3/2 





1 









3/4 





-3/2 





1 





Vo 


1/2 


-3 


-1 





0/ 




\ 





3/4 





-3/2 





1/ 



(4.22) 
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5. Some analogues on the mirror side 

Let us note that ( f4.21| ) also shows that if we perform a linear transformation on 
H* dd (Y) (transforming in the "fibre base") by / the M matrix naturally operates on the 
charge lattice as 



/n\ 




/-a\ 


a 




n 


P 


= M ■ 


-7 


1 




(3 


5 






\eJ 




V // 



and thus ( |4.21| ) gives just the right transport^ of the M matrix to H* dd (Y) (where we 
have a priori only the period basis) 

£[ even (X} — > H even (X\ 

H 3 (Y) H 3 (Y) 

Thus the / transformation shows how to get the 'fibration' basis Q2.7| ) from the Kahler 
period vector basis, resp. (after identification with the mirror side) how the ( |2.7| ) basis 
(when transported via identification to the mirror side) is related to the complex structure 
period vector basis there in IIB, making explicit the decomposition in ff odd ^x mirror ) 
corresponding to ( |2.7j ) 

■^jodd mirror \ ^jnon — ell -^jell 

Then the interesting question remains whether this decomposition and 'duality' transfor- 
mation on the middle cohomology of the mirror is actually induced by a natural decom- 
position and map on the mirror space. It would be interesting to unfold that question 
about mirror transport of a certain involution also in the context of involutions such as 
the involution on X discussed later in sect. 5 in connection with the Z2 index theorem or 
Poincare duality or (fibrewise) complex structure conjugation. 

27 Note as a caveat that the T 2 which is given by the holomorphic elliptic curve used in the 
fibrewise T-duality on the bundle side (an operation inside H even (X)) is not contained in the T 3 
used in the Strominger/Yau/Zaslow T-duality employed to go from X to Y; only one S 1 of the 
elliptic curve re-occurs in the T 3 . 
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5.1. D6-brane moduli space and extended mirror conjecture 

Note that as the relevant object to consider on the bundle side is a holomorphic cycle 
(so even-dimensional) with a bundle over it correspondingly the relevant object on the 
sLag side is a special Lagrangian submanifold C (three-dimensional) with a U(l) bundle 
over it. According to McLean's theorem the number of real (extrinsic) motions of C inside 
Y is the same as the (intrinsic) number 61(C); these real moduli then pair up with the 
same number of real moduli of the U(l) bundle, combining to 61(C) complex moduli. 

h\End(V),X) = h\C) (5.1) 

For a complex surface the complex dimension of the moduli space of irreducible bundles 
(sheafs) is completely determined by the Mukai vector Q 

dim c M(Q) = Q 2 + 2 (5.2) 

which can be derived using the fact that we have a non-vanishing index 

2 

X (X, End(V)) = ^(-l)Mimir (X, End(V)) (5.3) 

i=0 

Now this index becomes in the case of a Calabi-Yau three-fold trivial. One has (cf. section 
6) by self-duality of End(V) = V <8> V* and Serre duality 

3 

^2(-l) i ^mH 1 (X, End(V)) = (5.4) 

i=0 



Z2 Index Theorem 

Let us consider manifolds X with a group of non-trivial automorphisms which extend 
to automorphisms of the vector bundle V over it. For those X the Atiyah-Singer index 
theorem has a natural generalization ||56||,|[57|1, the character- valued index theorem which 



describes how the zero modes of the Dirac operator transform under this automorphism 
group. 

Now the class of elliptic fibered X carry such a symmetry due to the involution r, the 
"sign-flip" in the elliptic fibers. We will assume that at some point in the moduli space, 
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the r-invariant point, the symmetry can be lifted to an action on the bundle. Then we 
can think of r as decomposing H l (End(V)) into even and odd subspaces H l e (End(V)) and 
H l (End(y)) . Now Serre duality involves multiplying by a holomorphic three-form (which 
is odd) and thus maps Hl(End(V)) to H^~ l (End(V)). If one projects on the r-invariant 
part of the index problem one gets [p5[ 



^3 3 

- 2 Y. { ^- 1 ) iTr H i {x,End{V))r = - ^(-l)MimfT(X, End(V)) e (5.5) 

i=0 i=0 

which is a "character valued index" and can be effectively computed by a fix point theorem 
||25|| . Now, using the fact that the components of the fixed point set are of codimension 
two and orientable in the case of elliptic fibered Calabi-Yau three-folds one gets for the 
sum 

V^/ ^irp ST f ch(End(V) i)e ) - ch(End(V) h0 ) 

2J-1) Tr H i {X ,End{V))T = 2^ / 1+ Cl{N) Td i u i) (5-6) 

i=0 i JUi 

where End(V)i^ e denotes the restriction of the even resp. odd subspaces of End(V) to Ui 
and Ni is the normal bundle of U{ in X. This leads [2S| to the dimension of the moduli 



space (of r invariant bundles; we will then assume that n dd = h 1)0 {C) = 0, cf. also fl32| ) 
dim c .M(Q) = I + 2h lfi (C) = r(V) - V / c 2 (V) + 2/i 1 '°(C) (5.7) 

For a vector bundle as given in chapter 2 which has (with x = 0) 

L 2 

c 2 (V) = — - an - aF (5.8) 
one gets (using the fact that L 2 c\ = c\F = 0) 

J2 c 2 (V) = 2L 2 a + anc 1 -4a (5.9) 

: Jut 



Example 

Let us consider X again being given by Pf x x 6 g[18] (cf. [0). The fixed point set can be 
best described using the Weierstrass model of X given by x\ + x\ + fx^ + g = where 
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/ = f(xi, x%, X3) has degree 12, and g = g(xi,X2,xs) has degree 18 and (xi, x%, X3) are 
coordinates on the base B = P 2 . The r symmetry manifests itself in x$ — » — X5 and the 
two components of the fixed point set are given by X4 = 0, x§ ^ which is isomorphic to 
a copy of the base (the section E of X) on the one hand; the other component is a triple 
cover of the base B given by = x\ + fx± + g. For this model the Chern-classes can be 
expressed as 

cfti(V) = n l L 

ch 2 (V) = (-nl + n\)L 2 + (-n\ + n 2 2 )EL (5 . 10) 

ch 3 (V) = -n + \i\ - 3nl 

(assuming here again n\ = 0.) Since ci(V) is non zero we get from the integrability 
condition uj 2 A C\(V) = -guaranteeing a unique solution to the Donaldson-Uhlenbeck- 
Yau equation- that ( using u = t\H + £2-^) 

/ (3tl + 2t x t 2 )n\ = (5.11) 

For the dimension of the moduli space we get therefore 

h x (End(V),X) = n 6 - t>n\ + 6n 2 4 + An\ - 2(n 2 4 ) 2 (5.12) 



Connection to FMW bundles 

Let us now see which BPS vectors n describe the bundles constructed by Friedman, Morgan 
and Witten |25| . The bundles which are invariant under the involution of the elliptic fiber 
have ciiV) = c^{V) = and r\ = c\(B) mod 2 and n is even. One has 

(n 3 — n) 9 n 

c 2 (V)=r)(j — — ^--77(77-7101) (5.13) 

therefore these bundles are described by BPS vectors 

n = (n 6 , 0,0,0, nln 2 ) (5.14) 

In order to get a dictionary between the BPS charges and the bundles data in the FMW 
set-up we have to express (|5.13|) in terms of the base (E, S). Therefore setting r\ = ac\(B) 



and a odd we get 



c 2 (V) = 3aES - 3(n - n) + 9a(a - n)n ^ ^ 

8 
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and comparing with 



c 2 (V) = 



-n 2 2 ES - n\S 2 



(5.16) 



leads then to the dictionary 



n 2 = —3a 
1 3(n 3 — n) + 9a(a — n)n 



n 2 - - 

n§ = n 



(5.17) 



6. Moduli space for D4-Branes and applications to FM-transform and spectral 
covers 

We will be now interested in the dimension of the moduli space of a D4-brane configu- 
ration on a divisor D in X, so we consider the embedding i : D — ► X. Further let consider 
a vector bundle E over D. The conditions for unbroken supersymmetry are now replaced 
by the generalized Hitchin equations. The associated K-theory class is now given by the 
torsion sheaf i*E (being the extension of E by zero to X). The Mukai vector is then given 
by applying GRR for the embedding i 

i*(ch(E)Td(D)) = ch(uE)Td(X) (6.1) 

We will first compare Ext l x {i*E,i*E) and Ext D (E,E) where the first one can be 
bigger by deformations (movements) of D in X and then for the case of E a line bundle L 
on the spectral cover C compare Ext x (V, V) and Ext^-ii^L^i^L) explicitly. 

The Moduli-Space 

The dimension of the associated moduli space relevant here is given by the dimension of 
Ext]j(E, E) respectively Ext^(i^E, i*E). One can in general expect that the dimension of 
the moduli space associated to i*E living over X is bigger then the dimension of the moduli 
space of E over D. This is because, naively speaking, D can move inside X and therefore 
leads to additional deformations (the number of global deformations of D in X) which are 
related to the number of sections of the normal bundle, i.e. the dimension of H°(N) (cf. 
in the context of F-theory ]33|]). This additional deformations play an important role in 
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the comparision of D-brane moduli with the number of CFT moduli as pointed out in the 
iiT3-fibration case || . The naive picture can be made precise by considering the long exact 
sequence (first written down and proven in [[58]) 

Ext^E, E) Ext x (i*E, nE) -> Ext° D (E, E g> N) -> Ext 2 D (E, E) -> (6.2) 

The above exact sequence can be derived from Grothendieck duality for the closed immer- 



sion i : D— >X (see []59j Section §6). One has an isomorphism in the derived category 

RHomx(i*E,i*E) = RHomr>(i*E,r(i*E)) 

and v(i*E) is determined by the equation i*(i}(i*E)) = Rl-Lomc) x (i*OT>,i*E) (where 
Tiom stands for the Hom-sheaf). Form the exact sequence 

we read that RHomo x (i*Ox>,i*E) is represented by the complex 

nE ^2 Hom 0x (Ox {-D),uE) 



that is, 



v{uE) = {E^E®N} (6.3) 



in the derived category. Then, since E is a vector bundle, we have 

RHam x {i*E, i*E) = RHom D (i*E, {E^l E®N}) 

= R T(D, { End(E) ^ End(E) ® N }) 



(6.4) 



Taking into account the natural isomorphisms Ext l D (E,E) = H Z (D, End(E)) and 
Ext^E, E <g> N) = H^D, End(E) ® N), the exact sequence (|6]|) is identified with the 
sequence of the low terms 

O-^-^M)-^;' 1 E^°^H 2 (M) 

of the spectral sequence approaching Ext x (i*E, i*E) from the double complex associated 
to an injective resolution of { End(E) End(E) ® iV }. We have here a more complete 
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information: since d = the first differential of this double complex is zero and then 
d,2 : E®' 1 — >i?2' is zero as well. The sequence (|6.2[) takes now the form 

-> Ext D (E, E) = H l (D, End(E)) -> Ext x (i*E, i+E) -> H°(D, End(E) ® AT) -> 

(6.5) 

When i? = L is a line bundle on a spectral cover D = C, End(L) = Oc and we have 
-> ^(C, C c ) -> Ext x (i*L, UL) -> if°(C, C ) -> 

so that 

dim Ext D (L,L) = h x {C, O d ) = fr (0,1) (C) 

(6.6) 

dim Ext x (i*L,i*L) = h 1 {C,O D )+h {C,N) = /i (0 ' 1} (C) + /i (2 ' 0) (C) 

where the very last formula uses that the ambient X is CY. 

If we consider the vector bundle = S°(i*L) derived from L by the spectral cover 
construction (or by the FM transform), then V is WITi and its unique inverse FM trans- 
form goes back to S 1 (V) = i*L. Then, by the "Parceval isomorphism" (see |Kj , [51 
, we have 



or 



Ext x (V, V) = Extx^iV), ^(V)) = Ext x (i*L, i*L) (6.7) 

and then 

dim Ext D (L : L) = h x {C, D ) = /^(C) 

(6.8) 

dim Ext x (V, V) = h\C, O d ) + h°(C, N) = hW(C) + /i (2 ' 0) (C) 

We now want to show explicitely that dimExt x (V, V) = dimExt x (i*L, i*L) without using 
(|6.7|) : Let us recall that from Serre duality one has 

3 

^(-l)Mim Exf(V, V)=0 (6.9) 

i=0 

for V on a Calabi-Yau. However, since we work on elliptic CY we can use the character 
valued index and compute in the spectral cover representation that (cf. [[32] ) 

dim H 1 {X,End{V)) = h {2 >°\C) + /i (1 ' 0) (C) (6.10) 
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showing together with ( |6.6|) the wished for agreement. 
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Appendix 

In this appendix we illustrate why in the three-fold case the sole use of the T-functor 
known from the -fT3-case to map the Chern classes of the bundle and its dual is insufficient 



to exhibit as transformation matrix the adiabatic extension (|2.5[ ) of the usual T-duality 
matrix ( |2.4|) on the fibre. 

Let us recall the findings in this case (we phrase them here in the language of |25| ). 
The Chern character of V is given byll 



r(V) = n 
ch x {V) = 

h nn , , ci(C) 2 + C2(C) , ci(L) Cl (C) c x {L)\ 
ch 2 (V) = -r,a - T]c x + tt*( — + + — — 

= -^ + 7r * ( 24 + 2 7 ) - 24 Cl 
chs(V) = \r)(rj — nc\) ■ a = — 7C ■ a 



n(c{ + c 2 ) 
12 



Using the decomposition of the cohomology we find 

/ 



ch(V) 



7T, 



c 



n 



-77 

+ h 2 ) 

-yC 



\ 



n „2 
24 C 1 



2 s 



Note that ch 2 (V) 



31 W 



—C2(V) can be computed pq| from its restriction to a = B via 
Td(C)) = ch(V\ a )Td(B) where then the term — rjci is corrected/lifted to rja lead- 
ing to the correction —(r]a + rjc\) above. For the different evaluations of chs(V) = C3(V)/2 cf. 

note also that C - na + rj, a(C) = -C\ c ,c 2 (C) = c 2 {X)\ c + C 2 ,ci(L) = + 7 and 

c 2 (X) = 12a a +c 2 + 11c?. 
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Using GRR we getcrJ on the other hand for ch(i*L) 



r{i*L) = 
chi(i*L) = C 

c (C) 

ch 2 (i*L) = z*(ci(L) + — — ) 

= +7) 

Y72 + 3c| t(ci+t) 
ch 3 (i*L) = i„( — + ) 



T/ie T-functor, analogous to K3, in the three-fold case 
If one tries for the T-functor again 



T ? (-) = S(-)®7T*K 



B 



-1/2 



one will get not completely the vector needed for the M matrix: 



The Chern-characters of T ? (V) = V <g> K 



B 



-1/2 



i*L (g> K B 7 are by ( |3.18| ) given by 



r(T ? (V)) = 
c/ii(T ? (F)) = C = na + n 
ch 2 (T ? (V))= 7 C 
chz{T\V)) = i^ + ^) 



and so 



ch(T ? (V) = 





n 

V 


7 c 



\ 



V **( 24 + "2 ) / 



29 Note that the intersection products in C pushed down to B by 7r* (as used in the compu- 
tations for V) equal the same intersection products pushed forward to X via z* (as used in the 
computations for V ) as only those triple intersections survive which have one a factor and then 
the remaining intersection product of two classes in B equals the expression obtained on the first 
route (also note that i*l = C, ir*<j = r\ — nc\ and 7r*l = n). 
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showing the mismatch of ncf/24 between the fifth entry of ch(V) and the sixth entry of 
c/i(T ? (y)). Even without explicit computation of both sides one can see directly why this 
can not work as (the last step uses V\b = ^c*L following from V = ni^(n 2 L <g> V)) 

ch(i*L)Td(X) = [ u(ch(L)Td(C)) = [ ch(L)Td(C) 
x Jx Jc 



B 



n c *(ch(L)Td(C)) = [ ch(n c ,L)Td(B) 

JB 

ch(V\ B )Td(B) 



B 



This shows that 



I c h 3 (i*L)+C^p-= I ch 2 (V\ B )+n^ 



c? + c 2 



12 

or, in other words^l (where in the last step — uj c h 2 (v) = ch 2 (V\B) — V c i 1S used&i 
J ch 3 (T ? (V)) = J ch 2 (V\ B ) + (chK B /2 -Td(X)+Td(B^\ (2y C 
-/]*(V,.) + (-f-^ + ^,. C 

f C 2 

= J ch 2 {V\ B )+n^-r]c 1 ) 
c i 

= -u c h 2 (V) + n— 



The amended T-functor 

However, if we introduce the T functor 

T(-) = 5(0 x Y 



(so that for example T(V) = V ® Y and T(uL) = V ® Y) with a sheaf Y of 
ch(Y) = (1 + | + |) = 1/(1 - | + ||) = Td(N)-' 



30 here |( 2 ) denotes the terms of complex dimesion 2; note that it is —(Td(X) — Td(B))\( 2 ) what 

Td(X) 

is used and not — Td ^ B ^ |(2)i the latter would have a correction. 
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with the notation C2(V) = rja + u where u> 6 H (5) (pullback for u> understood) 
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WlldC i V LidlOLCa L11C 11U1 llldl UU11U.1C Ul ±J 


1 Tl X fhpn YKTC* 

111 yv , uncii w c 


find 

llllLi 








/ 1 












— ID 











ch(T(i*L)) = ch(V)ch(Y) = 



0-1 


1 























1 




V 





-1 


0/ 


1/2 

Equivalently we can write (note that Td(N) = ch(K^ ) 


•(1 


24 


)) 



c/i(i*L) 



c/i(F) = M • ch(i*L)Td(N) 

2 

= M • c/*(z*L)(l - £1 + £l) = M • cfc(i*L)(l - ^ + ^ - |1) 

J. — ■ 



.2 „2 

8 24' 



2 12' v /v 2 

But note that the appearance of the Td(N)~ 1 term can not be understood by taking for 
example just Y = j*(O a ), as GRR for the embedding j : B > X gives actually 

ch(MO a )) = j^chdO^TdiB^TdiX)- 1 = j,(ch((O tT ))Td(B)/fTd(X)) 
= j*(ch((O a ))Td(N)- 1 )=j*(Td(N)- 1 )=aTd(N)- 1 

Td(N) twist as matrix 

One can present the Td(N) twist as a matrix if one considers its operation on a general 
cohomology vector 



v = 



X 

S 
rj 
a 

w 



= n + (xa + S) + (rja + aF) + s 



that for a twist by Td(N) = 1 - f + ^ (or similar for Td(N)~ 1 = 1 + f + 



Td{N)v = n+(xa + S) + (rja + aF) + s 



( 


1 














o\ 







1 
















Cl 

2 





1 
















Cl 

2 





1 










12 





Cl 

2 





1 





\ 





12 





Cl 

2 





1/ 



which when one also decomposes the base cohomology becomes a matrix of numbers. 
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